
Supplementary materials 
 

Text S1 Generation process of improved 3D discrete failure mechanism 

The generation process of the improved 3D discrete failure mechanism could be divided 

into four parts. Figure S1 presents the generation process of discrete boundary AF and BF. 

(1) Construction of discretized boundary BF 

Pi and Pi+1 are adjacent points on the discrete boundary BF, which is shaped by connecting 

a series of line segments PiPi+1 (i=1, 2, 3, …, n). The coordinates of the rotation center O of 

improved discrete failure mechanism are expressed as: 
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In Figure S1(a), the unit normal vector vi=(yvi, zvi) of PiO at Pi is given as: 

 

sin

cos

vi

v

i

ii

y

z





= −


= −
 (2) 

 
ni=(yni, zni) is the unit normal vector of boundary curve PiPi+1. The angle between the 

vectors vi and ni is π/2+φi [1]. Thus, the vector ni can be formulated as: 
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Since = + +1+1 ii ii
P P PO OP   and ni·PiPi+1=0, the following equation is obtained by 

introducing unit vector ωi+1=(yωi+1, zωi+1) and length λi+1 of OPi+1 as: 
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where βi+1 is equal to βi+  . Combining Eqs. (1)−(5), the length λi+1 can be obtained as: 
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Thus, the coordinates of the point Pi+1 on discretized boundary BF are obtained as 
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    (2) Construction of discretized boundary AF 

In Figure S1(b), the unit normal vector vj=(yvj, zvj) of PjO at point Pj is expressed as: 
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nj= (ynj, znj) is unit normal vector of boundary curve PjPj+1, the angle between vj and nj is 

π/2+φj [1]. Thus, the vector nj can be formulated as: 
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Combining Eqs. (4)−(5) and (8)−(9), the length λi+1 is obtained as 
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Then, the coordinates of point Pi+1 on discretized boundary BF are obtained as: 
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(3) Construction of point F 

The termination condition for generating discrete points on boundaries AF and BF from 

points A and B is that zj+1 is greater than zi+1. Based on linear interpolation method, the final 

generation point F is formulated as, 
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(4) Generation of 3D failure surface 

The process of generating 3D failure surface of improved discrete failure mechanism is 

concluded three steps in: 

Step 1: The circular tunnel face is divided into 2N points symmetrically along Y axis by 

discretization technique. Then, the failure boundaries are divided into Section 1 (βBβj<βA) and 

Section 2 (βAβjβF). βj is the rotation angle of point Pi at the failure mechanism. 

Step 2: The Section 1 is divided into N planes passing through rotation center O and two 

symmetrically discretized points Am and Aʹm (The Section 2 is subdivided in several planes 

passing through the point O with a constant angle of δB between adjacent planes). 

Step 3: Using the 3D “point by point” strategy [2], the new point Pi,j+1 on later plane Ψj+1 

is produced from points Pi,j, Pi+1,j on last plane Ψj (see Figure S3). Finally, the 3D improved 

discrete failure mechanism is obtained by connecting each adjacent discrete points Pi,j, Pi+1,j 

and Pi,j+1. 

 

Text S2 The sparse polynomial chaos expansion method 

Assuming that the computational model ϑ involves input parameters represented as 

independent random variables forming an input vector ξ={ξ1; ξ2; …, ξL}, with L denoting the 

quantity of input parameters. The system response Y is characterized using the PCE method as 

[3]: 
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where ψα(ξ)=Π
L 

j=1Hαi(ξi) denotes the multivariate polynomials; Hαi(ξi) denotes the univariate 



polynomial; α=(α1, ..., αi, …, αL) denotes a L-dimensional vector containing a series of integers 

αi; αi denotes the degree of univariate polynomial; κj denotes the unknown coefficients of PCE; 

P denotes term number in truncated SPCE. Compared with traditional PCE method, 

BLATMAN et al [4] introduced the hyperbolic truncation scheme to improve computational 

performance of surrogate model by shorting number of PCE terms. The hyperbolic truncation 

scheme is determined by specifying q-quasi-norm of α as: 
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The q-quasi-norm of α does not exceed p. The recommended range of 0.7−0.9 for q can 

strike an appropriate balance between accuracy and sparsity, as suggested by BLATMAN et al 

[4]. 

To further reduce PCE terms that contribute less to the accuracy of the model and extract 

prominent terms from the candidate basis obtained by hyperbolic truncation scheme, the 

stepwise regression technique [5] and least angle regression technique [4] were applied in this 

study. The SPCE procedure involves four user-specified indices: maximum degree of sparse 

polynomial pmax, norm parameter q, the SPCE target accuracy Q2
tgt, and cut-off value εcut. The 

detailed parameter definition (pmax, Q2
tgt, εcut) and calculation in SPCE method can refer to 

BLATMAN et al [4] and YANG et al [6]. In this work, the four indices are initialized as follows: 

target accuracy Q2
tgt is 0.999, cut-off value εcut is 5×10−5, maximum degree pmax is 5, and norm 

parameter q is 0.8. 

 

Table S1 Values of random and deterministic parameters 

Parameter 
Random variable 

c/kPa φ/(°) kh Vs/(m·s−1) T/s γ/(kN·m−3) σU/kPa 

Mean (μ) 10 15 0.2 150 0.1 18 — 

COV/% 20 10 25 10 10 5 15 

Parameter 
Deterministic parameter 

C/m D/m λc λφ ξ kv Vp/(m·s−1) 

Mean (μ) 10 10 1 1 0.1 0.1 280.5 

COV/% 0 0 0 0 0 0 0 

 

Table S2 Engineering case parameters of the sandstone soils 

c/kPa φ/(°) γ/(kN·m−3) C/m D/m Vs/(m·s−1) ξ 

0 40 21 15 12.4 400 0.15 

 



 

Figure S1 Generation of the discrete points: (a) Point Pi+1 on BF; (b) Point Pj+1 on AF 

  

 

Figure S2 Improved discrete failure mechanism in horizontal and longitudinal planes 

 

Figure S3 Point generation diagram between two adjacent planes with “point by point” strategy 
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